We first derive the Rayleigh-Schrödinger many-body perturbation theory up to third order (RSPT3) for Hamiltonians with three-body interaction. The structure of closed-shell nuclei in a wide mass range from 4 He to 48 Ca has been investigated by the RSPT3 with explicit NN+3N Hamiltonian. The RSPT3 calculations are performed within Hartree-Fock bases. The perturbative contribution of antisymmetrized Goldstone diagrams (diagrammatic expansion for RSPT) with normal-ordered interaction has been analyzed. We demonstrate that the normal-ordered two-body level (NO2B) approximation which neglects the residual three-body term can catch the main effect of full three-body force in RSPT calculation. We also present rigorous benchmarks for RSPT3 with non-perturbative coupled cluster and in-medium similarity renormalization group using the same chiral NNLO sat NO2B interaction. The three methods are in good agreement with each other for binding energies and radii. However, the RSPT3 provides an alternative that is computationally inexpensive but comparable in accuracy to state-of-the-art non-perturbative many-body methods.
Introduction
In recent years it has become clear that three-nucleon (3N) interaction plays an important role in nuclear matter and structure calculations from first principles [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] . When the degrees of freedom and the Hilbert space are restricted, the 3N and higher-body (can be omitted) forces appear [12] . On the one hand, describing the properties of atomic nuclei based on the fundamental interactions among protons and neutrons (i.e., nucleons) is a fundamental goal in nuclear theory. However, the nucleons are not point particle with virtual excitations and internal degrees of freedom [13] . This leads to the initial 3N force. On the other hand, a certain renormalization scheme is often used in practical calculation to deal with the strong short-range correlations of realistic force and speed up the convergence. This process will induce 3N interaction.
For most ab initio many-body approaches, such as no-core shell model (NCSM), coupled-cluster (CC) or in-medium similarity renormalization group (IM-SRG) method, the full inclusion of 3N interaction is computationally very costly and often renders calculations impossible. In order to solve this dilemma, the normal-ordered two-body (NO2B) approximation to the full 3N interaction has been widely used in nuclear structure calculations. In the NO2B approximation, the normal-ordered 3N interaction in a chosen reference is truncated at the two-body level. Namely, the approximation includes the zero-, one-, and two-body parts of the 3N interaction in normal-ordered form and neglects the residual normal-ordered three-body components. The CC and importance-truncated no-core shell model (IT-NCSM) calculations [13, 14] have shown that the normal-ordered three-body term can be neglected, and the NO2B approximation allows for accurate nuclear structure calculations for NN+3N Hamiltonians. It is worth probing that the contribution of different normal-ordered components of the three-body force in other many-body methods.
Rayleigh-Schrödinger perturbation theory (RSPT) [15, 16, 17] is a powerful many-body theory which starts from a solvable mean-field problem and derives a correlated perturbed solution. However, it has been hindered for decades in nuclear calculations, because of the high non-perturbation of the realistic potential with strong short-range repulsion and strong tenser force [18] . Recently, with the development of modern renormalization technique and chiral effective field theory, the interaction can become more perturbative and "soft". Therefore, many RSPT based methods are coming, such as RSPT with different renormalization schemes [19, 20, 21, 22] , IT-NCSM [23] and Bogoliubov many-body perturbation theory [24] . Therefore, more elaborate investigations of the RSPT are needed. In our previous work [25] , the two-body level RSPT had been developed in the Hartree-Fock (HF) basis within the angular momentum coupling representation. We had successfully applied the developed RSPT to the structure of closed-shell nuclei. It had been demonstrated [26, 25] that in the HF basis the RSPT energy corrections up to third order (HF-RSPT3) can give well-converged results, while in the harmonic oscillator (HO) basis the corrections up to 30th order could be divergent even for softened interactions. We also calculated the density correction and found that the second-and higher-order contribution to nuclear radius is not so remarkable. However, all the existing RSPT calculations lack three-body force up to third order.
In the present work, we investigate the application of explicit 3N force in HF-RSPT3 and test the validity of the NO2B approximation to the full 3N interaction. First, we formulate three-body level RSPT3 based on HF single-particle states. In order to reduce the computational task, the RSPT correction equations are transformed into the angular momentum coupled representation. Then, the new developed HF-RSPT3 are performed with three sets of NN+3N Hamiltonian for the closed-shell structure calculation. Finally, we use the state-of-the-art χNNLO sat interaction with NO2B approximation to give a first-principle description of 4 He, 14,22 C, 16, 22, 24 O and 40,48 Ca.
Theoretical framework
The intrinsic Hamiltonian of the A-nucleon system can be written aŝ
where V N N,ij is the two-body nucleon-nucleon (NN) interaction, and V N N N,ijk is the 3N interaction. Three sets of NN+3N Hamiltonians are adopted in this paper. One is the χN 3 LO [27] and JISP16 NN interactions [5, 28, 29] plus spin-isospin-independent contact 3N force [30] . Another one is the stateof-the-art χNNLO sat [4, 31] , in which the NN and 3N interactions were optimized simultaneously to low-energy nucleon-nucleon scattering data, as well as binding energies and radii of selected nuclei up to 25 O. The phenomenological spin-isospin-independent contact 3N interaction [30] readŝ
with variable strength C 3N .
In this work, we perform the closed-shell HF calculation with the established Hamiltonian (1). In spherical case, the angular momentum is preserved. In what follows it is assumed that the indices i, j, k, ... label the occupied orbital (i.e., hole states) in the HF basis, a, b, c, ... refer to the unoccupied orbital (i.e. particle states), and p, q, r, ... are any orbital (either hole or particle). After the HF iteration, we can rewrite the Hamiltonian (1) in a normal-ordered form by choosing the HF Slater determinant |φ as the reference state, ,
where :p †q : indicates the normally ordered product of the creation and annihilation operators. As mentioned above, we take the HF Hamiltonian (Ĥ HF ) as a zero-order Hamiltonian in RSPT, and the A-nucleon Hamiltonian (1) can be separated into a zero-order partĤ HF and a perturbation V ,
witĥ
and perturbation part 
where
In NO2B approximation the last term in Eq. (6) is neglected, and we take theŴ term as the perturbation part. The RSPT energy up to third order according to the perturbation orders ofV can be written as [25] 
In HF-RSPT, the summation of the E (0) and E (1) gives the HF energy E HF ,
with the HF single particle energies ε p ,
The second-order energy correction reads
If we takeĤ (2) andV 3N as the RSPT vertices, there are 56 terms in the thirdorder energy corrections E (3) (see supplementary material). While usingŴ andV 3N as the RSPT vertices, there are only 17 terms. Fig. 1 displays the anti-symmetrized Goldstone (ASG) diagrams corresponding to the 17 terms in third-order energy corrections.
Calculations and discussions
We now turn to the RSPT3 calculations with NN+3N interaction in HF basis. The HF is carried out within the HO basis, and the HO basis is truncated by a cutoff according to the number N shell = max(2n+l +1), where N shell indicates how many major HO shells are included in the truncation. We apply two different realistic NN interactions plus a phenomenological contact 3N force to the closed-shell nuclei, 4 He, 16 O and 40 Ca. We also focus on the state-of-the-art χNNLO sat NN+3N interaction [4] 
Calculations with the phenomenological three-body contact potential
A proof-of-principle calculation is given in the following by using softened χN 3 LO [27] and "bare" JISP16 NN interactions [5, 28, 29] plus phenomenological contact 3N force [30] . In the calculations, we take N shell = 7 and Ω = 30 MeV for the basis space. This choice takes into account the balance between the convergence of the only NN results and the great computational cost of 3N force. Figures 2 and 3 show the two-body level HF-RSPT3 calculated ground-state energy of 16 O and 40 Ca as a function of Ω with different N shell . The calculations are done with the χN 3 LO NN-only interactions softened by V low-k renormalization scheme [32, 33] . We took the most commonly used V low-k momentum cutoff Λ = 2.1 fm −1 [32, 34] . We see that good convergence of the calculated energy can be obtained even using a small N shell = 7 and 8 truncations, and well converged energy minima are found at Ω ≈ 30 MeV for all calculated nuclei. A detailed analysis of the order-by-order convergence in HF-RSPT was presented in Ref. [25] . The basis convergence for the "bare" JISP16 can refer to our previous work [25] . In that calculation we find that the N shell = 7 and Ω = 30 MeV is also a good choice.
The impact of 3N contact interaction with different strength parameters C 3N is illustrated in Fig. 4 . In the upper panel the χN 3 LO NN interaction are used, while in the lower panel the NN interaction is the JISP16 . We see that the NN-only interactions give an overbinding compared to experiment LO. This is because that the JISP16 potential can minimize the need of 3N force by phase-equivalent transformation of off-shell freedom. Polyzou and Glockle [35] have shown that changing the off-shell properties of the two-body potential is equivalent to adding manybody interactions. Comparing the NO2B approximation with the full 3N calculation, they are very similar near the fit point for all Hamiltonian cases.
Calculations with chiral NNLO sat potential
After validating the NO2B approximation in the HF-RSPT3, we are now applying it to the ab initio calculations with χNNLO sat NN+3N interaction. MeV is taken, and the basis is truncated with N shell = 13. We see that the HF-RSPT3 energies with NN+3N interaction are in overall agreement with data. We also compare the results with IM-SRG [38] and CC [4] evaluations. The IM-SRG are performed using new Magnus formulation to decouple the Hamiltonians [39] . The results of HF-RSPT3 are in 2%-level agreement (20) with the nonperturbative IM-SRG. These binding energies are also in good agreement with the coupled-cluster Λ-CCSD(T) calculations [4] . For the weakly-bound 22 C, we underestimate the binding energy because of lacking continuum coupling [40] . Table 2 shows the computed charge radii compared to the data. In Ref. [25] , we have concluded that the second-order radius correction is very small in HF-RSPT, and the leading-order perturbation (i.e., HF calculation) can catch the main contribution. So we calculate the HF-RSPT radius only in leading-order level. The IM-SRG gives radius by deriving an effective point-proton radius operator [41] . Compared to the result of IM-SRG and CC, the HF-RSPT1 gives similar charge radius. These ab initio calculations with χNNLO sat NN+3N interaction give good descriptions of nuclear bulk properties (including their masses and radii) from light-to medium-mass regions.
Conclusions
In conclusion, we have developed a third-order Rayleigh-Schrödinger perturbation theory (RSPT3) with three-body interaction for the first time. Starting from two-body realistic nuclear forces (i.e., chiral N 3 LO and JISP16) and phenomenological three-body contact potential, we have calculated the structure of 4 He, 16 O, and 40 Ca by performing RSPT3 within Hartree-Fock (HF) bases (HF-RSPT3). Compared with the results that only use two-body force (NN), the inclusion of three-nucleon interaction (3N) can improve the calculation, giving good agreement with the experimental data. Our results show that the main contribution of the normal-ordered 3N interaction stems from the zero-, one-and two-body terms in RSPT, as IT-NCSM and CC claim. This implies that the NO2B approximation works very well in the RSPT. To check the convergence of the RSPT calculation, we have made comparisons with benchmarks given by the best available IM-SRG and CC calculations with the same NO2B χNNLO sat potential. The HF-RSPT3 gives 2%-level agreement with the IM-SRG and CC calculations at a small fraction of the computational cost. The three χNNLO sat calculations in 4 He, 14,22 C, 16, 22, 24 O and 40, 48 Ca can reproduce binding energies and radii simultaneously. Because of its low computational cost, the HF-RSPT3 provides a valuable and efficient tool to exploit full 3N interaction exactly in mediummass and heavy nuclei where the advanced non-perturbative methods are computationally too demanding.
